Abstract. We give a definition of uniform PU-integrability for a sequence of µ-measurable real functions defined on an abstract metric space and prove that it is not equivalent to the uniform µ-integrability.
Introduction
In [4] we gave the definition of PU-integral on a suitable abstract metric measure space X and proved that this integral is equivalent to the µ-integral. Moreover, we gave an example of a non euclidean space verifying the previous results. In this paper, we give the definition of uniform PU-integrability for a sequence {f n } n of real functions on X and prove that this concept is not equivalent to the uniform µ-integrability. Then, given a real function f on X, a suitable sequence {f n } n converging to f is defined and some conditions on f are given for {f n } n to be uniform PU-integrable.
Preliminaries
In this paper X denotes a compact metric space, M a σ-algebra of subsets of X such that each open set is in M, µ a non-atomic, finite, Radon measure on M such that (i) each ball U (x, r) centered at x with radius r has a positive measure,
We introduce the following basic concepts.
where x i ∈ X and θ i are non negative, µ-measurable and µ-integrable real functions on X such that
Definition 2. Let δ be a positive function on X. A PU-partition is said to be
Definition 3.
A real function f on X is said to be PU-integrable on X if there exists a real number I with the property that, for every given ε > 0, there is a
. The number I is called the PU-integral of f and we write I =(PU) X f .
Definition 7. A real function f has small Riemann tails (sRt) if for each ε > 0 there exist a positive integer n and a positive function δ on X such that
|f (x)| > n} and χ An is the characteristic function of A n .
Definition 8.
A function f has really small Riemann tails (rsRt) if for each ε > 0 there exist a positive integer n * and a positive function δ on X such that
a.e. in X and x i ∈ A n * .
We observe that if f has rsRt then f has sRt but the converse is not usually true.
Part I Proposition 1. Let {f n } be a sequence of real functions defined on X such that
then f is PU-integrable on X and
ÈÖÓÓ . Let ε > 0, there exists a positive function δ on X such that
is a fixed δ-fine partition and by (ii), there exists a positive integer n * such that
for all m, n n * .
Consider (PU)
We observe that this theorem is not equivalent to the generalized Vitali convergence theorem. In fact, if we consider the sequence {f n } n so defined f n (x) = 0 if x ∈ (0, 1] and f n (x) = 2n if x = 0, it is easy to verify that it is uniformly µ-integrable but it is not uniformly PU-integrable.
Proposition 2. Let {f n } n be a sequence of PU-integrable functions. Then {f n } n is a δ-Cauchy sequence iff {f n } n is uniformly PU-integrable and the sequence {(PU) X f n } n converges.
ÈÖÓÓ . If the sequence {f n } n is uniformly PU-integrable and the sequence {(PU) X f n } n converges, for ε > 0 there are a positive function δ on X and a positive integer n s.t. for each m, n > n
and for each δ-fine partition P = {(θ i , x i )} i we have
for all m, n n and for each δ-fine partition P. Now, suppose that {f n } n is a δ-Cauchy sequence. Let ε > 0, there exist a positive integer n and a positive functionδ on X s.t. for eachδ-fine partition P = {(θ i , x i )} i and for m, n n, we have
For a fixedδ-fine partition
whenever P = {(θ i , x i )} i is aδ 1 -fine partition. Hence, set δ = min{δ 1 , δ 0 }, the relation ( * ) is true for each n, whenever P is a δ-fine partition. Now, suppose that f has sRt, then the sequence {(PU) X f n } is a Cauchy sequence. In fact, fixed ε > 0, there exists a positive integer n s.t. for m, n n there is a positive function δ on X with the property that if P = {(θ i , x i )} i is a δ-fine PU-partition in X, we have (PU) X
